On the relationship between decidable fragments, non-classical logics, and description logics

Lilia Georgieva^1, Ullrich Hustadt^2 and Renate A. Schmidt^1

1 Department of Computer Science, University of Manchester Manchester M13 9PL, United Kingdom, {georgiel,schmidt}@cs.man.ac.uk 2 Department of Computer Science, University of Liverpool Liverpool L69 7ZF, United Kingdom, U.Hustadt@csc.liv.ac.uk

Abstract. The guarded fragment and its extensions and subfragments have often been considered as a framework for investigating the properties of description logics. But there are other decidable fragments which all have in common that they generalise the standard translation of ALC to first-order logic. We provide a short survey of some of these fragments and motivate why they are interesting with respect to description logics.

In this abstract we focus on the description logic ALC and the extensions of ALC by disjunction, conjunction and negation on roles and discuss their relationship to less well known logics including Boolean modal logic, the two-variable fragment, the dual of the Maslov’s class K, Quine’s fluted logic, and the positive restrictive quantification fragment PRQ. We compare the expressive power of the formalisms, and discuss the applicability of various inference methods established in the field of non-classical logics to description logics.

We denote the extension of ALC by the role-forming operators r_1, . . . , r_n by ALC(r_1, . . . , r_n). The definition of the standard semantics of ALC [8] and its extensions by the role operators disjunction, conjunction, negation and inverse, indicates that these languages can be considered as subfragments of first-order logic. One of these fragments is the guarded fragment [1]. However, one important property of the guarded fragment is that the guards, that is the atoms we obtain from the translation of roles, are always positive. Therefore, ALC(¬) and its extensions contain concepts whose translation will not result in guarded formulae. An example of an ALC(⊓, ¬) concept which cannot be translated into a guarded formula is the set of cheese lovers, that is ∀¬(likes ⊓ eats).¬Cheese.

Making economical use of first-order variables concepts of ALC(¬) and many other description logics can be embedded into finite-variable function-free fragments of first-order logic. One of them is the two variable fragment F O^2 which consists of those formulae of first-order logic that can be written using only two variables. The description logic which has the same expressive power as the two variable fragment is ALB [4], i.e. ALC extended with full Boolean operations on roles and the inverse operator. An extension of F O^2 is the dual of Maslov’s class K, denoted by K [5]. Consider the following formula φ_1 which defines the concept mwc as a subset of married couples with a child: ∀x∀y(mwc(x, y) → (married(x, y) ∧ ∃z(has child(x, z) ∧ has child(y, z)))). The formula φ_1 is not in the guarded fragment and also not in F O^2, but it is in K. In contrast, the formula ∀x∀y(mwd(x, y) → ∀z(have child(y, x, z) → doctor(z))) which describes the concept mwd as a subset of married couples with a child who is a doctor, is guarded, but not in K. So, the guarded fragment is not a subfragment of K nor is K a subfragment of the guarded fragment. However, K contains a variety of classical solvable fragments, namely the monadic class, the initially extended Skolem class, the Gödel class, and F O^2 as well as a range of non-classical logics, like a number of extended modal logics, many description logics, reducts of representable relational algebras [3].

The concept mwmc of married couples whose all children are married, defined as follows: ∀x_1∀x_2(mwmc(x_1, x_2) ↔ (married(x_1, x_2) ∧ ∀x_3(have child(x_1, x_2, x_3) → ∃x_4married(x_3, x_4)))) is not guarded but also not in K. It belongs to yet another solvable fragment of first-order logic, namely fluted logic. In fluted logic the relational atoms may be negated, and consequently ALC(¬), ALC(⊔, ⊓, ¬), and the Boolean modal logic which cannot be embedded into the guarded fragment can be embedded into fluted logic [7]. Moreover fluted logic can be extended with converse on relations while still preserving decidability [6]. Fluted logic with converse allows for the embedding of standard modal logics K, KT , KD, KB, KT B, more expressive logics, like ALB and the

ALC FO2 GF Standard translation

Fluted logic

K

First-order logic

Fig. 1. The relationship of ALC, F O^2, GF, K, and fluted logic

corresponding modal logic K_{(m)}(∩, ∪, ¬,^⌣ ), and also F O^2. The relationship among the decidable fragments, discussed so far, in this abstract is summarised in Figure 1.

However, if instead of extensions of ALC by role-forming operators we look at products of ALC with modal logics, for example, basic modal logic, then there are examples which fall in neither of the solvable fragments of first-order logic we have looked at so far. Consider the sentence: Minis are what Don believes to be a slow car. The sentence is expressible in K_{ALC} as follows. Minis ⊆ [Don]_{believes} . slow car Its standard translation to first-order logic is the formula φ_3. ∀x(Minis(reality, x) → ∀w(believes Don(reality, w) → slow car(w, x))) This formula is neither guarded nor fluted and is also not in K. However, it belongs to the socalled positive restrictive quantification fragment (PRQ) introduced in [2]. Even though PRQ is not solvable for fragments of PRQ that have the finite model property, there is a decision procedure in the form of an extended positive tableaux method [9]. The method does not only detect unsatisfiability but also generates finite models if they exist. Since ALC and many of its extensions have the finite model property, this procedure provides a general, sound, complete, and terminating method for solving the satisfiability problem for these logic without the necessity of additional correctness or termination proofs. The procedure is also applicable to products of modal and description logics which have the finite modal property such as K_{ALC} [10]. The product of ALC with basic modal logic K has the finite model property, therefore the considered example in K_{ALC} is covered by the procedure.

References

1. H. Andréka, I. Németi, and J. van Benthem. Modal languages and bounded fragments of predicate logic. J.

Philos. Logic, 27(3):217–274, 1998.

2. F. Bry and S. Torge. A deduction method complete for refutation and finite satisfiability. In Proc. JELIA’98, volume 1498 of LNAI, pages 1–17. Springer, 1998.

3. U. Hustadt and R. A. Schmidt. Maslov’s class K revisited. In Proc. CADE-16, volume 1632 of LNAI, pages 172–186. Springer, 1999.

4. U. Hustadt and R. A. Schmidt. Issues of decidability for description logics in the framework of resolution. In Automated Deduction in Classical and Non-Classical Logics, volume 1761 of LNAI, pages 191–205. Springer, 2000.

5. S. Ju. Maslov. The inverse method for establishing deducibility for logical calculi. In Proc. Steklov Institute of Mathematics, pages 25–96. American Mathematical Soc., 1971.

6. W. C. Purdy. Quine’s ’limits of decision’. J. Symbolic Logic, 64(4):1439–1466, 1999. 7. R. A. Schmidt and U. Hustadt. A resolution decision procedure for fluted logic. In Proc. CADE-17, volume 1831 of LNAI, pages 433–448. Springer, 2000.

8. M. Schmidt-Schauß and G. Smolka. Attributive concept descriptions with complements. J. Artificial Intelligence, 48:1–26, 1991.

9. S. Torge. Überprüfung der Erfüllbarkeit im Endlichen: Ein Verfahren und seine Anwendung. PhD thesis, Herbert Utz Verlag, München, 1998.

10. F. Wolter and M. Zakharyaschev. Multi-dimensional description logics. In Proc. IJCAI’99, pages 104–109. Morgan Kaufmann, 1999.