A hypersequent calculus for Abelian Logic

George Metcalfe Department of Computer Science King’s College London,Strand, London WC2R 2LS Email: metcalfe@dcs.kcl.ac.uk

1 Introduction

Abelian logic A was introduced independently by Meyer and Slaney in [2] and Casari in [3] as the logic of lattice-ordered abelian groups, motivated by the former as a logic of relevance and by the latter as a logic of comparison. Recently, extending a result in [2], it has been shown that the so-called material fragment of A coincides with Łukasiewicz’s infinitevalued logic Ł [5]. Here we present a cut-free hypersequent calculus for A, employing rules familiar from Avron’s calculi for Gödel-Dummett logic LC and the relevance logic RM [1]. Since Ł is a fragment of A we are also able to fill a hole in the literature identified in [4] and give a hypersequent calculus for Ł.

2 Abelian Logic

Definition 1 (Abelian Logic, A) →, +, ∧, ∨ and t are primitive. A has the following definitions, axioms and rules: D ↔ A ↔ B = (A → B) ∧ (B → A) D¬ ¬A = A → t A1 A ↔ (t → A) A2 ((A ∨ B) → C) ↔ ((A → C) ∧ (B → C)) A3 ((A + B) → C) ↔ (A → (B → C)) A4 A → ((A → B) → B) A5 (A → B) → ((B → C) → (A → C)) A6 A ∧ B → A A7 A ∧ B → B A8 ((A → B) ∧ (A → C)) → (A → (B ∧ C)) A9 (A ∧ (B ∨ C)) → ((A ∧ B) ∨ (A ∧ C)) A10 ((A → B) → B) → A

(mp) A → B, A B (∧I) A, B A ∧ B Definition 2 (Lattice-Ordered Abelian Group) A lattice-ordered abelian group (abelian l-group) is an algebra ⟨G, +, ∨, ¬, t⟩ with binary operations + and ∨, a unary operation ¬ and a constant t, satisfying the following equations: a1 t + a = a a2 a + b = b + a a3 (a + b) + c = a + (b + c) a4 a + ¬a = t a5 a ∨ b = b ∨ a a6 (a ∨ b) ∨ c = a ∨ (b ∨ c) a7 a = a ∨ a a8 a + (b ∨ c) = (a + b) ∨ (a + c) We also define a∧b = ¬(¬a∨¬b), a → b = ¬(a+¬b) and a ↔ b = (a → b) ∧ (b → a) Theorem 1 (Characterisation theorem for A) The following are equivalent: (1) ϕ is a theorem of A. (2) ϕ is valid in all abelian l-groups. (3) ϕ is valid in (Q, +, ∨, −, 0).

3 A hypersequent calculus

Definition 3 (Hypersequent) A hypersequent is a multiset of sequents, written: Γ_1 ⊢ Δ_1| . . . |Γ_n ⊢ Δ_n where Γ_i and Δ_i are finite multisets of formulae for i = 1, . . . , n. Definition 4 (Interpretation) The interpretation of a sequent S = A_1, . . . , A_n ⊢ B_1, . . . , B_m is ϕ_S =

(A_1+. . .+A_n) → (B_1+. . . B_m). The interpretation of a hypersequent H = S_1| . . . |S_n is ϕ^H = ϕ^{S1} ∨. . .∨ϕ^{Sn} .

Definition 5 (LA: A hypersequent calculus for A) LA has the following rules:

Axioms (id) A ⊢ A (emp) ⊢ Structural rules (EW ) G|Γ ⊢ Δ G|Γ ⊢ Δ|Γ^′ ⊢ Δ^′ (EC) G|Γ ⊢ Δ|Γ ⊢ Δ G|Γ ⊢ Δ (S_c) G|Γ_1, Γ_2 ⊢ Δ_1, Δ_2 G|Γ_1 ⊢ Δ_1|Γ_2 ⊢ Δ_2

(M) G|Γ_1 ⊢ Δ_1 G|Γ_2 ⊢ Δ_2 G|Γ_1, Γ_2 ⊢ Δ_1, Δ_2

Logical rules (→, l) G|Γ, B ⊢ A, Δ G|Γ, A → B ⊢ Δ (→, r) G|Γ, A ⊢ B, Δ G|Γ ⊢ A → B, Δ (+, l) G|Γ, A, B ⊢ Δ G|Γ, A + B ⊢ Δ (+, r) G|Γ ⊢ A, B, Δ G|Γ ⊢ A + B, Δ (∧_i, l) G|Γ, A_i ⊢ Δ G|Γ, A_1 ∧ A_2 ⊢ Δ (∧, r) G|Γ ⊢ A, Δ G|Γ ⊢ B, Δ G|Γ ⊢ A ∧ B, Δ (∨, l) G|Γ, A ⊢ Δ G|Γ, B ⊢ Δ G|Γ, A ∨ B ⊢ Δ (∨_i, r) G|Γ ⊢ A_i, Δ G|Γ ⊢ A_1 ∨ A_2 ⊢ Δ

Theorem 2 LA is sound and complete for A ie for a hypersequent H, H is provable in LA iff ϕ^H is valid in all abelian l-groups.

References

[1] The method of hypersequents in the proof theory of propositional nonclassical logics. A. Avron. In European Logic Colloquium,W. Hodges et al. Ed., Oxford, Oxford Science Publications, Clarendon Press, 1996.

[2] Abelian Logic (from A to Z). R. K. Meyer and K. Slaney. In Paraconsistent Logic Essays on the Inconsistent, G. Priest et al. Ed., Philosophia Verlag, 1989.

[3] Comparative Logics and Abelian l-Groups. E.

Casari. In Logic Colloquium ’88, Ferro et al. Ed., Elsevier, 1989.

[4] Proof theory of fuzzy logics: Urquart’s C and related logics. M. Baaz, A. Ciabatonni, C. Fermuller and H. Veith. In Mathematical Foundations of Computer Science (MFCS98). Lecture Notes in Computer Science, vol. 1450, pages 203-212, 1998.

[5] Analytic sequent calculi for abelian and Łukasiewicz logics. G. Metcalfe, N. Olivetti and D. Gabbay. In preparation.